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Abstract
We give an account of the ‘partition conjecture’ which relates two classic results of convex
geometry | Radon’s theorem and Tverberg’s theorem | in an abstract setting. We also examine
the validity of the conjecture in certain special cases. c© 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction
The partition conjecture has its origin in the combinatorial geometry of convex
sets in Rd. Its motivation is to extend Tverberg’s theorem, a celebrated result of
nite-dimensional convexity, to the abstract framework of set systems called convexity
spaces. Despite its geometric roots, the conjecture’s claim is combinatorial in nature.
It is generally believed that establishing the partition conjecture will be very hard,
and although it has been achieved in various special cases, one seems a long way
from achieving it in general. It has been said that the conjecture may be ‘somewhat
premature’ [45, p. 264], in view of our failure to determine its main ingredients | the
so-called partition numbers | even for very simple and natural convexity spaces. On
the other hand, no one so far has come forward with a counterexample.
Our goal in this paper is to review the present state of the partition conjecture, to
examine its validity in a number of specic examples, and to make a small step toward
proving the conjecture for the space of axis-parallel boxes in Rd.
Before proceeding to formulate the partition conjecture, we should recall the state-
ment of Tverberg’s theorem which was proved in 1966 [39]. For remarks concerning
this theorem and references to other proofs, we refer to Example 2.1 in the next
section.
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Theorem 1.1. Every set of (m − 1)(d + 1) + 1 points in Rd can be divided into m
subsets whose convex hulls have a common point. The number (m− 1)(d+ 1) + 1 is
the smallest which has the stated property.
The special case m= 2 of Theorem 1.1 is known as Radon’s theorem [27].
Anticipating later denitions, we write rm(Cd) for the number appearing in
Theorem 1.1. Here Cd stands for the family of all convex sets in Rd. We call rm(Cd)
the mth partition number and r2(Cd) the Radon number of Cd. The following relation
holds:
rm(Cd) = (m− 1)(r2(Cd) − 1) + 1; m> 2: (1.1)
We shall now transfer Tverberg’s theorem to an abstract setting. We replace the
space Rd by an arbitrary set X and the family Cd by a family C of subsets of X , to
be regarded as convex sets. It is required that C includes X and the empty set ; and is
closed under taking arbitrary intersections. The pair (X;C) is then called a convexity
space. For any subset S of X , the convex hull of S in C is the set
conv S :=
\
fC: C 2 C; C  Sg;
it is the smallest convex set containing S.
So far, a convexity space is merely what is often referred to as a closure system, and
the map which assigns to each set in the space its convex hull has the usual properties
of a closure operator. To add convex avor to the theory, we shall now introduce the
analogues of Radon’s and Tverberg’s theorem which make sense in every convexity
space. This axiomatic approach to Theorem 1.1 was started by Calder [2], Bean [1],
and Hare and Thompson [20].
At this point, we like to pay tribute to the famous survey paper ‘Helly’s theorem
and its relatives’ by Danzer et al. [7]. This paper did a lot to spur interest in convex
and combinatorial geometry, and also in generalized convexity. One of the topics it
treated was an assertion, at that time still a conjecture, that three years later became
known as Tverberg’s theorem.
The following terminology will be used throughout the paper. An m-partition of a
nite set S is a collection fS1; : : : ; Smg of mutually disjoint subsets of S whose union
is S. The partition is balanced if the Si are as nearly equal in size as possible, i.e.,j n
m
k
6jSij6
j n
m
k
+ 1; i = 1; : : : ; m;
where jSj = n. If S lies in a convexity space, then fS1; : : : ; Smg is called a Radon
m-partition of S provided
m\
i=1
conv Si 6= ;:
Any point in such an intersection is called an m-partition point of S. If m= 2, we
speak of a Radon partition and a Radon point.
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Denition 1.2. The mth partition number of a convexity space is the smallest integer
rm (if such exists) such that every set of rm points of the space admits a Radon
m-partition.
We shall abbreviate the pair (X;C) to C and write rm(C) for the mth partition
number of (X;C) when there is no danger of confusion. If no nite integer rm such as
described above exists, we set rm(C) = 1. We also adopt the convention that if X is
nite and m> jX j, then rm(C) = jX j + 1. Note that some authors call rm(C) the mth
Radon (or Tverberg) number of C. In this paper, r2(C) is simply the Radon number
of C.
It is sometimes desirable | especially in proofs | to work with multisets instead of
sets, in other words, to allow repeated points. The unrestricted mth partition number
of a space is the smallest cardinality such that every multiset having that cardinality
admits a Radon m-partition in this space. (The cardinality of a multiset is the sum of
the multiplicities of its points, and its convex hull is the convex hull of the underlying
point set.) In many cases | but not always | the unrestricted number agrees with its
restricted counterpart rm(C) dened above. See Jamison [23] for details and examples.
Except for Example 2.2 below, we shall always use the restricted partition numbers.
Multisets do appear in Examples 2.4 and 2.6 but this is for technical convenience only.
The partition conjecture relates the higher-order partition numbers of a convexity
space to its Radon number. It can be stated as follows.
Conjecture 1.3 (Partition conjecture). For every convexity space (X;C) with nite
Radon number r2(C) and for all m> 2,
rm(C)6(m− 1)(r2(C) − 1) + 1:
In the literature, Conjecture 1.3 is also known as the Eckho conjecture because in a
survey article on Radon’s theorem, the present author had speculated (rather reluctantly)
that it might be true (see [18]). However, the same conjecture had been proposed eight
years before by Calder [2], somewhat hidden in his study of interval convexities cited
above. Among the early papers that helped to propagate the conjecture, we mention
Doignon [10], Jamison [23], Reay [29], Sierksma [35], Sierksma and Boland [37], and
Duchet [13]. For a thorough treatment of convexity spaces in general and the partition
conjecture in particular, see the book by van de Vel [45].
Of course, the main incentive to consider the partition conjecture is Tverberg’s theo-
rem. Establishing the conjecture would mean, among other things, to prove that famous
result in a purely combinatorial manner. This illustrates already that Conjecture 1.3
is very bold indeed. Theorem 1.1 also shows that the conjecture, if true, is the best
possible one. As a simpler example to that eect, take the d-free space (X;Fd)
where X is an innite set and Fd = fS X : S = X or jSj6dg. Clearly,
rm(Fd) = (m− 1)(d+ 1) + 1; m>2: (1.2)
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As already remarked, the partition conjecture has been veried in various (often
rather special) cases. See, e.g., Jamison [23], Sierksma and Boland [37], Roudne
[31], Ko lodziejczyk and Sierksma [24], Changat [3], Changat and Vijayakumar [4],
and Chepoi and Topala [5]. The general case is unsettled and probably will remain so
for many years to come.
A nice result of Tverberg [42] asserts that in order to prove the partition conjecture,
it is sucient to prove it for all nite convexity spaces, i.e., spaces where the number
of points and hence of convex sets is nite. This makes the conjecture a truly combina-
torial one and ‘may be of value in taming (it)’ [42]. The same reduction is established
in a recent paper by Duchet [14] who announces, moreover, the following remarkable
strengthening [15]: If the partition conjecture holds for the space of geodesicallly con-
vex sets of every nite connected graph, them it holds for every convexity space. (In
a connected graph, a subset of the vertex set is geodesically convex if it contains, with
any two of its vertices, every vertex on every shortest path joining them.) Informally
speaking, the geodesic convexity on a nite connected graph constitutes a universal
model for the partition problem.
The problem is challenging even when the Radon number r2 is small. (We shall
drop the letter C for the remainder of this section.) The case r2 =2 is easy but already
the case r2 = 3 requires some eort. It was settled by Jamison [23] who remarks that
his argument ‘seems a bit tortuous for such a simple case’. He had a much shorter
argument valid for nite spaces, and this can now be used in the general case, thanks
to Tverberg’s reduction described above. The next case, r2 = 4, is completely open.
This leads us back to one of the rst signicant questions to be asked in connection
with Conjecture 1.3. Is it true that the niteness of r2 implies the niteness of rm for
all m? An armative answer was given by Jamison [23] who proved that in every
convexity space,
r2m6r2rm; m>2: (1.3)
From this it follows immediately that
rm6r
dlog2 me
2 ; m> 2: (1.4)
Hence rm is bounded by a polynomial in r2 of degree dlog2me. When m is not
a power of 2, better bounds are available. Jamison [23] and independently Doignon,
Reay and Sierksma [11] have shown that
r2m+16r2(rm+1 − 1) + 1; m>1: (1.5)
We conclude this section by slightly improving on the latter inequality. Namely, we
shall prove that
r2m+16(r2 − 1)(rm+1 − 1) + rm + 1; m>1; (1.6)
where, by convention, r1 = 1.
Proof of (1.6). We use r as an abbreviation for r2. Let S be a set of cardinality
(r − 1)(rm+1 − 1) + rm + 1. Choose and x a point p 2 S and divide the remaining
J. Eckho /Discrete Mathematics 221 (2000) 61{78 65
points of S into subsets S1; : : : ; Sr−1; Sr with jSij=rm+1−1; i=1; : : : ; r−1 and jSrj=rm.
For each i= 1; : : : ; r− 1; Si [p has a Radon (m+ 1)-partition, say fTi0; : : : ; Timg, with
(m + 1) -partition point ti. Without loss of generality, p 2 Ti0 for all i. Similarly, Sr
has a Radon m-partition, say fTr1; : : : ; Trmg, with m-partition point tr . We assume that
the points t1; : : : ; tr are distinct (otherwise, the proof is even easier). Choose a Radon
partition of ft1; : : : ; trg, say fT1; T2g, with Radon point t. Without loss of generality,
tr 2 T2. Then the desired Radon (2m+ 1)-partition of S is formed by the sets[
fTij: ti 2 T1g; j = 0; : : : ; m;
[
fTij: ti 2 T2g; j = 1; : : : ; m;
a (2m+ 1)-partition point being t.
In the simplest case, the estimate in (1.6) reads r36r22 −2r2 + 3 whereas Conjecture
1.3 postulates that r362r2 − 1. Can the bounds be reduced any further? If so, it seems
dicult to get them down to anywhere near the linear bound in r2 claimed by the
partition conjecture.
2. Examples
In this section, we shall describe and analyze specic examples of convexity spaces.
Most of them are well known but some are new. Our primary concern is to check
whether the partition conjecture holds for these spaces. Therefore, we are interested in
computing or estimating their partition numbers. While the latter can usually be done
we have unfortunately been unable to decide the fate of the partition conjecture in
some cases.
We point out that most of the examples below have a geometric background. In fact,
they are all derived | in one way or another | from the space of ordinary convex
sets in Rd. We begin with a brief review of this classic space which may be viewed
as the prototypical example of a convexity space.
Example 2.1. Recall that Cd is the family of ordinary convex sets in Rd. Theorem 1.1
can be expressed as saying that
rm(Cd) = (m− 1)(d+ 1) + 1; m>2; (2.1)
and so the partition conjecture holds with equality.
The proof of this famous result, due to Tverberg [39], is dicult and relies heavily
on properties of the eld of real numbers. Simpler (but still not easy) proofs were
given by Tverberg [41], by Tverberg and Vrecica [44] and most recently by Roudne
[32]. The presentation in van de Vel [45] is largely based on Tverberg’s second proof.
All these proofs proceed along similar lines. Doignon and Valette [12] have shown
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that Tverberg’s theorem remains valid in any d-dimensional space over an ordered
division ring. (This is a priori not obvious.) Finally, a completely dierent approach
was taken by Sarkaria [33] to obtain what is certainly the shortest, albeit somewhat
mysterious, proof of Tverberg’s theorem. For other aspects of the theorem and its role
in combinatorial geometry, see the author’s survey article [19].
That the number in (2.1) cannot be replaced by a smaller number is clear from
many examples. Dene a nite set S in Rd to be strongly independent if for any ane
subspaces A1; : : : ; At of Rd spanned by disjoint subsets of S,
dim
t\
i=1
Ai = max
(
−1;
tX
i=1
dim Ai − (t − 1)d
)
:
Such sets with any number of points exist. It is easy to see that no strongly inde-
pendent set of (m− 1)(d+ 1) or fewer points of Rd has a Radon m-partition.
We now begin our list of convexity spaces that are derived from, or related to, the
classical space described above. The list reects the author’s interests and is by no
means exhaustive. No attempt at a systematic exposition is made. Only those features
of a space will be treated that are relevant to the validity of the partition conjecture.
The rst space on the list may seem out of place here since it is dened in purely
combinatorial terms. But in fact, it does have a direct connection with Tverberg’s
theorem.
Example 2.2. Let N = f1; : : : ; d + 1g. Lindstrom [25] has shown that if S1; : : : ;
S(m−1)(d+1)+1 are nonempty (not necessarily distinct) subsets of N , then there is an
m-partition fI1; : : : ; Img of the index set f1; : : : ; (m− 1)(d+ 1) + 1g such that[
i2I1
Si =    =
[
i2Im
Si:
The number (m− 1)(d+ 1) + 1 here is the best possible.
A dierent proof of Lindstrom’s result was given by Tverberg [40] who deduced it
directly from Theorem 1.1.
Now dene a convexity space (X;Nd) by letting X be the power set of N (with
the empty set deleted) and declaring a subset of X to belong to Nd if it contains,
with any two sets S and T in N , their union S [ T . This is an instance of a ( join)
semilattice convexity (see [23,45]). From Lindstrom’s theorem it follows at once that
rm(Nd) = (m− 1)(d+ 1) + 1; m>2: (2.2)
So again the partition conjecture holds with equality. Of course, rm(Nd) has to
be interpreted as the unrestricted partition number of Nd. A multiset of cardinality
(m − 1)(d + 1) having no Radon m-partition in Nd consists, e.g., of the d + 1
singleton sets in N, each taken m− 1 times.
The next three examples belong to the large group of convexity spaces on Rd dened
by proper subfamilies of Cd. Quite a few of these ‘subspaces’ of Cd have the same
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partition numbers as Cd itself and thus satisfy the partition conjecture. A trivial example
is the space of closed convex sets in Rd.
Example 2.3. Let Ad denote the family of all ane subspaces, or ats, of Rd. This
denes the ane convexity space (Rd;Ad). Since AdCd, we have rm(Ad)6rm(Cd)
for all m. The opposite inequality is also true. Indeed, by the very denition of strong
independence, no strongly independent set of fewer than (m− 1)(d+ 1) + 1 points of
Rd admits a Radon m-partition in Ad. Hence
rm(Ad) = (m− 1)(d+ 1) + 1; m>2; (2.3)
which establishes the partition conjecture (with equality).
Example 2.4. Let T be a xed d-dimensional simplex in Rd. Denote by Hd the family
of all nonnegative homothets of T , i.e., sets of the form fx + y: x 2 Tg with >0
and y 2 Rd. By convention, let Hd include also ; and Rd itself. Then (Rd;Hd)
is a convexity space and a subspace of (Rd;Cd). Therefore, rm(Hd)6rm(Cd) for all
m. (We remark in passing that no convex set T Rd other than a simplex would be
suitable here. The key property is that only the homothets of a simplex are closed
under intersection. This is a result of Rogers and Shephard [30]; it is used to dene
simplices in innite dimensions.) To see that the opposite inequality is true, consider
the set of vertices of −T , each taken m− 1 times. It follows that
rm(Hd) = (m− 1)(d+ 1) + 1; m>2; (2.4)
and the partition conjecture holds with equality.
We add one remark before proceeding. The last two examples have a common
feature that enables one to prove (2.3) and (2.4) without having to use Tverberg’s
theorem. Jamison [23] has shown that in any convexity space with nite rank (C),
rm(C)6(m− 1)(C) + 1; m>2:
Here the rank is the largest cardinality of a convexly independent set, i.e., a set S
satisfying x 62 conv(Snx) for each x 2 S. The proof is not dicult. (For a strengthening,
see [24].) Since both Ad and Hd clearly have rank d+ 1, the assertion follows.
The third example in our group of subspaces of Cd is an instance of a product
convexity space (see [45]).
Example 2.5. Suppose Rd is written as a cartesian product Rd1 Rd2 where d1; d2 are
xed integers with d1 + d2 = d. Let Cd1d2 := fC1  C2: C1 2 Cd1 ; C2 2 Cd2g, so
that Cd1d2 Cd. This denes a subspace convexity on Rd. Somewhat surprisingly, we
have
r2(Cd1d2 ) = d+ 2; (2.5)
which means that the Radon number is not aected when Cd is replaced by Cd1d2 .
Assertion (2.5) was rst proved in [17]; a relatively short and transparent proof can
be found in [45, pp. 193{195].
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It seems that nothing is known about the higher partition numbers of Cd1d2 , except
that rm(C11) = 2m (see Section 3 below). Nevertheless, the partition conjecture holds
true, owing to (2.5) and Tverberg’s theorem:
rm(Cd1d2 )6(m− 1)(d+ 1) + 1; m> 2: (2.6)
We believe that this inequality is always strict.
Let us remark that Hare and Thompson [20] and independently Sierksma [36] have
obtained upper and lower bounds for the partition numbers of general product spaces
in terms of those of the factor spaces. The estimates appear to be rather weak, and
many problems remain. For example, is it true that the partition conjecture holds in a
product when it holds in each factor? This question will come up again in Section 3.
The space of the next example can be regarded as the ordinary convexity space in
Rd ‘punctured’ at the origin.
Example 2.6. Let 0 be the origin of Rd. Dene
_R
d
:=Rdn0; _Cd := fCn0: C 2 Cdg:
Then ( _R
d
; _C
d
) is an instance of a relative convexity space obtained by restricting the
convex sets of an ambient space to a given subset (see [45]).
We shall prove that the partition conjecture holds | with equality | for the space
_C
d
. To this end, we borrow an idea of Tverberg [43] who has recently proved the
following closely related result:
Every set S of 2(m− 1)d+ 2 points in Rd admits an m-partition fS1; : : : ; Smg such
that
dim
m\
i=1
conv Si>1:
(Here conv Si is the ordinary convex hull of Si.)
This conrms a conjecture of Reay [28], and is best possible. For a dierent proof
of the assertion, including a characterization of the sets of cardinality 2(m − 1)d + 1
that do not have such a partition, see the forthcoming paper by Roudne [32].
It turns out that puncturing Cd amounts to (roughly) doubling its partition numbers.
More precisely, we have
rm( _C
d
) = 2(m− 1)d+ 1; m>2: (2.7)
Proof of (2.7). Suppose S is a set of cardinality 2(m− 1)d+ 1 in _Rd. Choose a point
p 2 S and a hyperplane H Rd containing p, but not 0, such that (m− 1)d points of
Snp lie in one of the open half-spaces bounded by H and (m− 1)d points lie in the
other. Such a pair p;H clearly exists. (Indeed, pick a hyperplane not parallel to any
of the nitely many segments joining pairs of points in S [ f0g. Translate it so that
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it passes through a point of S and splits the rest of S evenly.) Now form (m − 1)d
segments, each connecting two points of Snp on opposite sides of H and such that
every point of Snp is used. Let T be the set of cardinality (m − 1)d + 1 consisting
of p and the points obtained by intersecting the segments with H . (Here we have to
allow for repeated points so that T is possibly a multiset.) By Theorem 1.1 applied to
H , the set T admits a Radon m-partition in the ordinary sense. This partition is then
lifted to S by replacing each point of Tnp with the two endpoints of the segment it
lies on. We conclude that at least one ordinary m-partition point of S lies on H and
is therefore dierent from 0. This means that S has a Radon m-partition in _C
d
. The
proof is completed by exhibiting a set of 2(m−1)d points in _Rd whose only (ordinary)
m-partition point is 0. Such a set can be found in [28]; it consists of m − 1 distinct
points on each of the 2d coordinate half-axes of Rd.
Our next example may appear to be rather articial. It is, however, a legitimate
candidate for testing the partition conjecture. Moreover, it leads to an interesting open
problem concerning ordinary Radon m-partitions.
Example 2.7. Fix a positive integer k and dene a convexity space Cd;k on Rd by
declaring a set to be convex if it is convex in the ordinary sense or has at most k
points. In other words,
Cd;k := fS Rd: S 2 Cd or jSj6kg:
This space was introduced in [16] (see also [18]).
What are the partition numbers of Cd;k? Since Cd;1 =Cd and C1; k is essentially the
k-free space Fk , we shall always assume that d> 1 and k > 1. The Radon number
of Cd;k turns out to be
r2(Cd;k) = maxfd+ 3; 2k + 2g: (2.8)
Indeed, let S be a subset of Rd with jSj>d + 3. By a result of Shephard [34],
S admits a balanced Radon partition fS1; S2g in Cd. (Recall that ‘balanced’ means
jS1j; jS2j>jSj=2.) If in addition jSj>2k + 2, then jS1j; jS2j>k + 1 and hence fS1; S2g
is a Radon partition of S in Cd;k . Conversely, the set consisting of the d+ 2 vertices
of a bisimplex in Rd (the bipyramid over a (d− 1)-dimensional simplex) has no such
partition. Similarly, no set of 2k + 1 points on a sphere has a Radon partition in Cd;k .
Turning now to the higher partiton numbers of Cd;k , we easily obtain the following
partial result:
rm(Cd;k)>m(k + 1); m>2: (2.9)
This is clear from the fact that in any m-partition of a set of m(k + 1)− 1 points on a
sphere, some part has at most k points and so is convex in Cd;k . Equality is attained
when k>d, thus establishing the partition conjecture in this case:
rm(Cd;k) = m(k + 1); m>2; k>d: (2.10)
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To see this, note that k>d implies m(k + 1)> (m− 1)(d+ 1) + 1; hence Tverberg’s
theorem applies. Given a set T Rd with jT j=m(k+1), we choose an ordinary Radon
m-partition of some subset S T with jSj= (m− 1)(d+ 1) + 1, say, fS1; : : : ; Smg. By
Caratheodory’s theorem (see [19]), we may assume that jSij6d+ 1, i = 1; : : : ; m. The
remaining points can be used to produce an m-partition fT1; : : : ; Tmg of T with Ti Si
and jTij = k + 1, i = 1; : : : ; m. This is the Radon m-partition in Cd;k we are seeking.
If we try to settle the case k <d in a similar manner, we run into problems. It
appears that certain geometric features of (ordinary) Radon m-partitions are not yet
fully understood. At least we have been unable to decide whether the following two
statements are true. We oer these as conjectures that extend the known case m= 2:
Conjecture 2.1. Every set of (m−1)(d+1)+2 points in Rd admits a balanced ordinary
Radon m-partition.
Conjecture 2.2. There is a set of (m− 1)(d+ 1) + 1 points in general position in Rd
such that in any of its ordinary Radon m-partitions, some part has 2 points.
Using Tverberg’s and Caratheodory’s theorem, it is not hard to verify these assertions
for d = 2 and (at least the rst one) for d = 3. If both were true in general, then by
combining them it would follow that
rm(Cd;k) = maxf(m− 1)(d+ 1) + 2; m(k + 1)g; m>2:
The right-hand side here equals (m − 1)(d + 1) + 2 or m(k + 1), according as
k6b((m − 1)=m)dc or k > b((m − 1)=m)dc. In particular, the partition conjecture
would hold but never with equality.
Our last example in this section is rather hopeless. What distinguishes it from the
preceding example is that | with one exception | not even the Radon number of
the space considered is known.
Example 2.8. The space is again a relative convexity space derived from the ordinary
convexity in Rd. This time, Cd is restricted to the integer lattice Zd, the set of all
points in Rd having integer coordinates.
Dene
Ld := fC \ Zd: C 2 Cdg:
Then (Zd;Ld) is called the lattice convexity space and the members of Ld are called
lattice-convex sets. See Doignon [8] for general geometric properties of Ld and Onn
[26] for computational aspects of Radon partitions in Ld, among others.
We shall assume that d> 1 since, trivially, rm(L1) = 2m− 1. As mentioned above,
the Radon number of Ld is not known (except for the case d = 2), and neither are
the higher partition numbers. The best lower bound for r2(Ld) so far is given by
r2(Ld)>2d + 2d−2 + 1; d>2: (2.11)
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This was rst proved by Doignon [9] and later independently by Onn [26]. Equality
holds for d= 2, i.e., r2(L2) = 6, and possibly for higher values of d as well.
In order to bound the Radon number and, more generally, the mth partition number of
Ld from above, one makes use of well-known inequalities valid in arbitrary convexity
spaces. These involve certain invariants of the space such as its Helly number and its
Caratheodory number. We are not going to dene these numbers here but refer instead
to Chapter II in van de Vel [45]. A key ingredient is Doignon’s evaluation of the Helly
number of Ld which turns out to be 2d. See Doignon [8] and Jamison [23] for proofs
and Onn [26] for additional references. The conclusion is that
rm(Ld)6

d(2d − 1) + 3; m= 2;
(m− 1)(d+ 1)2d − d− 1; m> 2: (2.12)
As can be expected, these bounds are not very good. The gap between the lower and
the upper estimate of the Radon number is enormous. For example, 116r2(L3)624.
(According to an unpublished result of Doignon, 1 the upper bound here can be lowered
to 17.) All these estimates are obviously too weak to establish the partition conjecture
for Ld.
The situation is dierent in the plane. Doignon 2 was able to reduce the above
rm(L2)612m−15 to rm(L2)64m−3; m> 2, which is stronger than what the partition
conjecture requires. Moreover, he exhibits a set of cardinality 4m− 4 in Z2 which has
no Radon m-partition in L2. It consists of the lattice points (j; j) and (j; 1 − j) with
−(m− 2)6j6m− 1. Hence we have
rm(L2) = 4m− 3; m> 2: (2.13)
To conclude, let us mention that Changat and Vijayakumar [4] have studied a dierent
convexity space on Zd, the so-called geodesic convexity Md induced by the maximum
norm in Rd. Since the rank of this space is easily determined to be 2d, it follows that
rm(Md) = (m− 1)2d + 1; m>2: (2.14)
Hence, again, the partition conjecture holds with equality.
3. The space of boxes
In this nal section, we take a closer look at yet another specic example, the
convexity space of axis-parallel boxes in Rd.
A box in Rd is a cartesian product of d convex sets, one on each coordinate axis
of Rd. In other words, a box is a convex parallelohedron with edges (if any) parallel
to the coordinate axes. The family of all boxes in Rd will be denoted by Bd. Clearly,
1 Some problems in lattice convexity, Talk at the Conference on Convexity, Technische Universitat Wien,
July 1981.
2 See footnote 1.
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(Rd;Bd) is a convexity space on Rd. It may be viewed as a subspace of Cd, or as a
product of d copies of C1. Since B1 = C1, only the case d> 1 is of interest here.
We point out right away that the problem of computing the partition numbers of Bd
is unsolved (except for a few special cases) and usually considered as very hard (see,
e.g., [21,23,45]). As a consequence, it is not possible at present to check the validity
of the partition conjecture for Bd.
The Radon number of Bd was determined about 30 years ago by the author [17]. 3
It reads:
r2(Bd) = min

r:

r
b r2c

> 2d

: (3.1)
In contrast to the linear growth encountered in earlier subspaces of Cd, r2(Bd) grows
logarithmically with d. A good lower bound is dlog2(d + 1)e + 2 (see [45, p. 201])
but in fact the behavior of r2(Bd) can be described almost precisely. Using Stirling’s
formula one shows, e.g.,
log2 d+
1
2 log2(log2 d+ 2:2) + 1:26r2(B
d)6log2 d+
1
2 log2(log2 d+ 2:4) + 2:6;
(3.2)
here the lower and the upper estimate are less then 1.5 apart for all d. 4
The reasoning in [17] that led to (3.1) contained a gap. At one point there it was
claimed, but not proved, that the set of all p-subsets of a (2p+1)-set can be split into
pairs of disjoint sets (with one set left over when the number of subsets is odd). That
this is indeed possible is a special case of Baranyai’s theorem on factorizing complete
uniform hypergraphs; see the corrected proofs in [6,22,45]. Jamison [23] extended the
upper bound in (3.1) to products of d trees (and more general geodesic convexities).
For an application to topological convexity spaces, see [45, pp. 470{473].
Incidentally, the Radon number of the graphic d-cube f0; 1gd equals blog2(d+1)c+2
(see [45, p. 244]). Here the space f0; 1gd is the product of d copies of the free space
f0; 1g; its convex sets may be regarded as the vertex sets of all (proper and improper)
faces of a d-dimensional cube.
We turn now to the higher-order partition numbers of Bd. Aside from the trivial
case d= 1, only the planar case has been settled:
rm(B2) = 2m; m>2: (3.3)
This result originally appeared in Thompsons [38] unpublished Ph.D. thesis and then in
Hare and Thompson [21] and Jamison [23]. An extremely short proof of rm(B2)62m
will be given later in this section.
At the end of their paper, Hare and Thompson made a remark concerning the case
d= 3. They stated without proof that r3(B3) = 7, r4(B3) = 10 and rm(B3)>b 52mc for
m> 4, and conjectured that the latter inequality was always sharp. (See also [38].)
3 As part of his ‘Diplomarbeit’ (master’s thesis) written under the supervision of Professor Danzer in
Gottingen.
4 The author thanks Marcus Stiemer for computing these bounds for him.
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We have recently investigated this problem and discovered that its solution is not quite
what Hare and Thompson expected. The rst instance where their conjecture fails is
m= 9: it turns out that r9(B3) = 23. While the general problem remains open, we can
at least show that
5
2m

6rm(B3)6

18
7 m

; m>2: (3.4)
We believe that the upper bound here is close to the truth; it may even be tight.
However, the proof of (3.4) is long and rather complicated; it will be published in
a separate paper. To give the reader an idea of the methods involved, we shall present
here the proof of a weaker result which nevertheless is strong enough to conrm the
partition conjecture in this case. 5 Namely, we shall show that rm(B3)63m, m> 2.
Before starting the proof, we need to make some preparations.
Let S be a nite set of points in R3, and let fS1; : : : ; Smg be any m-partition of
S. To decide whether fS1; : : : ; Smg is a Radon m-partition of S in B3 reduces to a
purely combinatorial problem. (This will be explained in more detail in our forthcoming
paper.) The convex hulls of S1; : : : ; Sm in B3 have a nonempty intersection if and only
if, for each coordinate axis of R3, the ordinary convex hulls of the projections of
S1; : : : ; Sm onto the axis have a nonempty intersection. Now these axes carry a natural
linear ordering; therefore, it suces to study the three permutations of S obtained by
projecting the points of S onto the axes.
Explicitly, let
S = f(x1; y1; z1); : : : ; (xn; yn; zn)g
be a set of n points, and let N := f1; : : : ; ng. Projecting S onto the coordinate axes
yields three permutations of N ,
= ((1); : : : ; (n));
 = ((1); : : : ; (n));
= ((1); : : : ; (n));
dened by requiring that
x(1)6   6x(n);
y(1)6   6y(n);
z(1)6   6z(n):
(These permutations need not be unique since two points of S may have the same
x-coordinate, say. In such a case, an arbitrary choice is made.)
5 As r2(B3) = r2(C3), one could invoke Tverberg’s theorem to do that but it is preferable to give a
self-contained proof. Besides, Tverberg’s theorem would be of no help for d> 3.
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We associate with ,  and  the following subsets of N (where q= bn=2c):
f(1); : : : ; (q)g; f(q+ 1); : : : ; (n)g;
f(1); : : : ; (q)g; f(q+ 1); : : : ; (n)g;
f(1); : : : ; (q)g; f(q+ 1); : : : ; (n)g:
For lack of a better word, we refer to these sets as the half-sets of ,  and . A
subset of N will be called good with respect to ,  and  if it is not contained in
any of these six half-sets.
Now it should be clear that the Radon m-partitions of S in B3 can be read o from
the permutations ,  and . In particular, should it happen that N splits into m good
subsets N1; : : : ; Nm, then fS1; : : : ; Smg with
Si = f(xj; yj; zj) : j 2 Nig ; i = 1; : : : ; m;
is a Radon m-partition of S in B3.
Next, we need two lemmas.
Lemma 3.1. Let ;  and  be permutations of N; as above. Then the following
alternative holds:
Either N contains at least one good 2-set with respect to ;  and ; or
n 6= 2 (mod 4) and the half-sets of ;  and  have the form
A [ B; C [ D;
A [ C; B [ D;
A [ D; B [ C
for some balanced 4-partition fA; B; C; Dg of N .
It is understood that the half-sets in each row may be interchanged (if necessary).
Proof. The reasoning will be slightly dierent for dierent values of n (mod 4). Let
K, K and K denote the set of 2-subsets of N contained in a half-set of ,  and ,
respectively. Assume rst that n  0 (mod 4), say, n=4k. Then jKj=jKj=jKj=2( 2k2 ).
How small are the pairwise intersections of K, K and K in the worst case? Consider
the 2k elements of a xed half-set of . Suppose l of these elements lie in one half-set
and 2k − l lie in the opposite half-set of . The same is then true for the 2k elements
of the other half-set of . Hence jK \ Kj = 2( l2 ) + 2( 2k−l2 ). Since this number is
minimum when l= k we conclude that jK \Kj>4( k2 ), and similarly for K \K and
K \ K. From the principle of inclusion and exclusion we get
jK [ K [ Kj
= jKj + jKj + jKj − jK \ Kj − jK \ Kj − jK \ Kj + jK \ K \ Kj
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6 jKj + jKj + jKj − jK \ Kj − jK \ Kj
6 6

2k
2

− 8

k
2

=

4k
2

:
Now ( 4k2 ) is the total number of 2-sets in N , and so this inequality is trivial. But the
way it is obtained allows us to say precisely when equality occurs, i.e., when no good
2-sets in N exist. If such is the case we must have, by symmetry,
jK \ Kj = jK \ Kj = jK \ Kj = jK \ K \ Kj = 4

k
2

:
This in turn forces the half-sets of ,  and  to be of the form described above.
Indeed, equality cannot hold unless we have l = k in the rst part of the proof. This
yields a balanced 4-partition fA; : : : ; Dg of N such that the half-sets of  and  are
A[B, C[D and A[C, B[D, respectively. Hence K\K consists of all the 2-subsets
of N contained in A, B, C or D. Now we also have K \ K = K \ K \ K which
means that each of the sets A; : : : ; D is contained in a half-set of . This leaves three
possibilities for combining the sets, of which only A[D, B[C is compatible with the
required size of K \ K and K \ K.
A completely analogous argument establishes the assertion if n  1 (mod 4) or
n  3 (mod 4).
Finally, assume that n  2 (mod 4), say, n = 4k + 2. Proceeding as above we nd
that jKj = jKj = jKj = 2( 2k+12 ) and jK \ Kj, jK \ Kj, jK \ Kj>2( k2 ) + 2( k+12 ).
Hence, again by the inclusion{exclusion principle,
jK [ K [ Kj66

2k + 1
2

− 4

k
2

− 4

k + 1
2

=

4k + 2
2

− 1;
so in this case there is at least one good 2-set in N .
This seems a good place to supply the short proof of rm(B2)62m announced earlier.
The reasoning is analogous to that used above. It suces to show that if  and  are
any two permutations of N := f1; : : : ; 2mg, then N contains a good 2-set with respect
to  and . In view of ( 2m2 )> 4(
m
2 ), this is immediate. Repeating the argument m− 2
times produces a balanced partition of N into m good 2-sets, and we are done.
Our second lemma states a simple combinatorial fact which is conveniently expressed
in the language of hypergraphs.
Lemma 3.2. Let H be a complete 4-partite 3-uniform hypergraph on n vertices. If
no vertex class of H has more than bn=3c elements; then H contains bn=3c pairwise
disjoint edges.
Let us briey explain what the terms in this lemma mean. A hypergraph consists of a
vertex set and an edge set, an edge being a subset of the vertex set. In the case of H
above, the vertex set is the disjoint union of four sets, called the vertex classes of H .
The edges of H are all the 3-subsets of the vertex set that meet each vertex class in
at most one element.
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Proof. The desired edges are obtained through the following recursive procedure. Start
with a 3-subset whose vertices lie in the three largest vertex classes of H . (Note that at
most one class can be empty.) Delete its elements from the vertex set and consider the
induced hypergraph H 0 on the remaining n− 3 vertices. Clearly, H 0 is again complete,
4-partite and 3-uniform; its vertex classes have at most bn=3c − 1 elements. So the
process can be repeated. It terminates after bn=3c steps when there are less than three
vertices left.
Using these lemmas, we can now verify our claim that the partition conjecture holds
for B3.
Theorem 3.3. rm(B3)63m; m> 2:
Proof. We prove a bit more, namely, that every set of 3m points of R3 has a balanced
Radon m-partition in B3. To this end, let ;  and  be arbitrary permutations of
N := f1; : : : ; 3mg. As before, associate with each permutation its two half-sets. In order
to prove the assertion, it is clearly sucient to construct a partition of N into m good
3-sets (where ‘good’ is understood with respect to ;  and ).
Let s be the maximum number of pairwise disjoint good 2-sets in N . Clearly,
06s6b3m=2c. First, assume that s>m. Pick m disjoint good 2-sets in N and use
the remaining m elements of N to form m disjoint 3-sets enclosing the 2-sets. This
yields the desired partition into good 3-sets. Second, assume that s<m. Choose a
maximal system of s disjoint good 2-sets in N , and let N 0 denote the (3m − 2s)-set
obtained by removing these 2-sets from N . Now intersect N 0 with the half-sets of
;  and . By Lemma 3.1 and the maximality of s, the intersections are of the
form
A [ B; C [ D;
A [ C; B [ D;
A [ D; B [ C
for some balanced 4-partition fA; B; C; Dg of N 0. Take A; : : : ; D as the vertex classes
of a complete 3-uniform hypergraph H and apply Lemma 3.2 with n= 3m− 2s. Since
m− s6bn=3c and
jAj; : : : ; jDj6

n+ 3
4

6
jn
3
k
; n> 5;
we can nd m − s disjoint 3-sets in N 0 each meeting three of the four sets A; : : : ; D.
(Note that s<m implies n>5. The case n = 5, i.e., m = 3 and s = 2, is trivial.)
With respect to the original permutations, these sets are good 3-sets in N . The
remaining s elements of N 0 are then added one to each of the good 2-sets
removed earlier. Altogether, this yields a system of m pairwise disjoint good 3-sets in
N , as required.
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We remark that, unlike the proof of assertion (3.4) in our forthcoming paper, the
preceding proof does not use the full strength of Lemmas 3.1 and 3.2. It will be
shown in that paper that a set of cardinality b 187 mc in R3 also admits a balanced
Radon m-partition in B3.
Beyond the case d= 3, almost nothing is known.
One of the obstacles in determining rm(Bd) for d>4 may lie in the (suspected)
absence of a suitable generalization of Lemma 3.1.
Nevertheless, we rmly believe that the partition conjecture holds for the space Bd.
What we seem to lack at present are the tools needed to attack the conjecture. The
very form of the Radon number of Bd makes the task no easier.
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